NONLINEAR EVOLUTION BY MEAN CURVATURE AND 
ISOPERIMETRIC INEQUALITIES 
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Abstract. Evolving smooth, compact hypersurfaces in R"+^ with nor- 
mal speed equal to a positive power k of the mean curvature improves 
a certain 'isoperimetric difference' for k ^ n — 1. As singularities may 
develop before the volume goes to zero, we develop a weak level-set for- 
mulation for such flows and show that the above monotonicity is still 
valid. This proves the isoperimetric inequality for n ^ 7. Extending this 
to complete, simply connected 3-dimensional manifolds with nonpositive 
sectional curvature, we give a new proof for the Euclidean isoperimetric 
inequality on such manifolds. 



1. Introduction 

Let be a smooth n-dimensional compact manifold without boundary and 
Fq : A^"+i a smooth embedding into an n-|-l-dimensional Riemannian 

manifold {N'^~^^,g). We assume further that Fq(M) has positive mean curva- 
ture in A^""^^. Starting from such an initial hypersurface there exists, at least 
for a short time interval [0,r), an evolution F{-,t) : M" x [0,r) N"-+^, 
which satisfies 

r F(-,0)=Fo(-) 

W { dF 

[ —i.,t) = -HH;tH;t) . 

where k ^ 1, H is the mean curvature and v is the outer unit normal, 
such that —Hiy = H is the mean curvature vector. Let A{t) denote the 
area of such an evolving hypersurface, V{t) the enclosed volume, and c„+i 
the Euclidean isoperimetric constant. We aim to exploit the following fact, 
which G. Huisken has drawn our attention to: the 'isoperimetric difference' 

n + l 

(1) A{t)— -Cn+lV{t) 

is monotonically decreasing under such a flow, provided A; ^ n — 1 and the 
inequality 

(2) / |Hrd/i ^ ^ 



Mt 



n + 1 
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holds on all of the evolving surfaces for t G (0, T). In the case that = M""*"^ 
an easy calculation proves this inequality for an arbitrary closed hypersurface 
which is at least C^. If n = 2 and has negative sectional curvatures we 
can use the monotonicity formula to show that (2) holds on any closed 
hypersurface. 

If we assume that the flow (*) exists until V{t) decreases to zero, the mono- 
tonicity of (1) would prove the Euclidean isopcrimctric inequality for this 
initial configuration. Unfortunately, without special geometric assumptions 
(see [9], [19]), singularities may develop even before the volume goes to zero. 
To cope with this problem, we replace (★) by the following level-set formu- 
lation. Let C be a bounded, open set with smooth boundary dQ, such 
that dil has positve mean curvature. The evolving surfaces are then given 
as level-sets of a continuous function u : Q, ^ R+, u = on via 

Tt = d{x e n I u{x) > t}, 

and (★) is replaced by the degenerate elliptic equation 

divivf 7^ ) = ^ . 

Here the left hand side gives the mean curvature of the level-sets and the 
right-hand side is the speed, raised to the appropriate power. If u is smooth 
at ,T € with nonvanishing gradient, then (★★) implies that the level-sets 
are evolving smoothly according to (*) in a neighborhood of x. This 
formulation is inspired by the work of Evans-Spruck [6] and Chen-Giga- 
Goto [3] on mean curvature flow and by the work of Huisken-Ilmanen [10] 
on the inverse mean CTirvaturc flow. 

We use the method of elliptic regularisation to define a family of approxi- 
mating problems to We prove the existence of smooth solutions to the 
approximating problem, which by a uniform a-priori gradient bound sub- 
converge to a lipschitz continuous function u onQ. We define any such limit 
function u to be a weak solution to and call it a weak H'^-Qow generated 
by J7. This is justified since such a weak solution solves in the viscosity 
sense and even more we show that as long as the smooth solution to (*) 
exists, it coincides with any weak solution. In the case that n ^ 6 and the 
ambient space is flat we can show that this weak solution is unique, i.e. it 
does not depend on the approximating sequence u^' . 

Theorem 1.1. Let Q be a bounded, open subset of N , such that H\qq^ > 0. 
If n = 2 let k ^ 1 and N be a complete, simply connected 3-manifold with 
nonpositive sectional curvatures. If n ^ 3 let N = W^~^^ and k > n. If u is 
a weak H^-flow generated by ft, then the isoperimetric difference 

It := {n^{d*{u > t}))"^ - c„+iH"+i({n > t}) 

is a nonnegative, monotonically decreasing function on [0,T), where T := 
supn u. 
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Here we denote with H} the /-dimensional Hausdorff-measure. We can use 
this monotone quantity to give a proof of the isoperimetric inequahty in 
]^n+i ,2^7. The same technique also works if the ambient manifold 
is simply connected and complete with nonnegative sectional curvatures, 
which gives a new proof of the result by B. Kleiner in [16]. 

Corollary 1.2 (Isoperimetric inequality). Let U C M"+^ be a compact 
domain with smooth boundary and n + 1 ^ 8, or U G N^, where is as 
above. Then 

(3) (n^'idu)) ^ cn+in''+\u) . 

In the case that has sectional curvatures bounded above by — k, k > 0, 
define the function / : R+ ^ R+ by 

(4) UA):= / " da. 

Jo (iDTT + 4/ca)2 

Let n C be open and bounded and u be weak H'^-Haw generated by $7. 
We show that under the restriction that all superlevelsets {u > t} minimize 
area from the outside in N the quantity 

ir.= Un\d*{{u>t}))-nH{u>t}) 

is a nonnegative, monotonically decreasing function for t G [0,T). This 
enables us to give a proof of the following stronger result, which also already 
appeared in [16]. 

Theorem 1.3. Let be a complete, simply connected, 3-dimensional Rie- 
mannian manifold with sectional curvatures bounded above by —k < 0. If 
U C A'^^ is a compact domain with smooth boundary, then 

f^{n\du)) ^n\u) . 

Moreover, equality holds for geodesic balls in the model space Nl with con- 
stant sectional curvature —k. 

Mean curvature flow in the level set formulation was developed in [6] and 
[3], see also [14]. G. Huisken and T. Ilmanen developed a weak level set 
formulation for the inverse mean curvature flow to prove the Riemannian 
Penrose inequality in [10]. 

As already mentioned before, B. Kleiner proved the Euclidean isoperimet- 
ric inequality on a complete, simply connected 3-manifold with nonpositive 
sectional curvatures in [16]. In the case that the ambient manifold is 4- 
dimensional the corresponding result was proven by C. Croke, [4]. 
The monotonicity of (1) under mean curvature flow for n = 1,2 was also 
observed by P. Topping. In [23] he uses the monotonicity under curve short- 
ening flow to prove optimal isoperimetric inequalities on 2-surfaces. Utilizing 
the monotonicity under mean curvature flow of 2-surfaces he gives sufficient 
geometric conditions for the formation of singularities under this flow. 
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Similar monotonicities of area and volume under the affine normal flow were 
employed by B. Andrews in [2] to give new proofs of affine isoperimetric in- 
equalities. 

Outline. In §2, we show how to derive the monotonicity of (1) in case that 
the flow is smooth. In §3 we define by elliptic regularisation the e-regularised 
version of (*^). Using barrier techniques we prove uniform a-priori sup and 
gradient bounds, which we apply to show existence of solutions to the 
regularised problem. Also by these a-priori bounds the solutions u'^ subcon- 
verge as e ^ to a lipschitz-continuous function u on which we define to 
be a weak solution to 

In §4 we establish that a weak solution satisfies an avoidance principle w.r.t. 
smooth /f'^-flows. For flat ambient space with n + 1 ^ 7 we use this to prove 
uniqueness. 

The approximating solutions have the important geometric property that, 
scaled appropriately, tlicy constitute a smooth, graphical, translating solu- 
tion to the H^-^iaw in f7 x R. This can be applied to obtain an approximation 
of the weak H^-^ow by smooth flows in one dimension higher. 
In §5 we reflne our understanding of this approximation and use it to prove 
properties of the weak limit flow. These properties include that the weak 
flow is non-fattening, i.e. the sets {u = i} C W^^^ do not develop positive 
7^"+^-measure. We also show that the sets {u > t} minimize area from the 
outside in Q. As another consequence the level sets {u = t} are actually 
quite nice, i.e. for A; > n — 1 and almost every t they are C^'"-hypersurfaces 
up to a closed set of T^'^-measure zero. 

In §6, we prove that the estimate (2) holds on Ft for a.e. t, provided k > n 
and the ambient space is flat. To do this, we first replace Tt by an outer 
equidistant hypersurface to the convex hull of {u > t}. Since such a hyper- 
surface is convex and C^'^ we can apply the same proof as in the smooth 
case to show (2) on this hypersurface. The biggest chunk of work in this 
chapter is then to translate this estimate back to Fj. The main ingredient 
there is an estimate on the growth of the area of the equidistant hypersur- 
faces in terms of an integral of the mean curvature of Ff. Here again we 
use the approximation by smooth translating fiows in f2 x R. In the case 
that n = 2 and the ambient space is not flat, we give a proof of (2) which 
uses the monotonicity formula and thus needs much less regularity of Ff. 
The stronger estimate needed for Theorem 1.3 is proved by combining the 
techniques in the flat case with the Gauss-Bonnet formula. 
Finally in §7 we use the approximation by smooth flows in O x R together 
with the estimate from §6 and a lower semicontinuity argument to show that 
the monotonicity of (1) holds in the limit. This is then applied to yield a 
proof of the stated isoperimetric inequalities. The restriction on the dimen- 
sion of the ambient space in the flat case comes from the problem that to 
start the flow, we have to replace a bounded set U C R^^^ with smooth 
boundary by its outer minimizing hull, which is only known to be smooth. 
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more precisely C^'^, for n ^ 6. For n > 6 the outer minimizing hull can 
have singularities on the part away from the obstacle U. For n = 7 these 
singularities are still isolated and an argument of R. Hardt and L. Simon 
can be applied to show that we can perturb U slightly such that its outer 
minimizing hull again is C^'^. 

We want to especially thank G. Huisken for many stimulating discussions 
and support. We also want to thank K. Ecker and T. Ilmanen for further 
discussions and support. Finally wc want to thank B. White for bringing to 
our attention the argument of Hardt-Simon above. 

2. The smooth Case 

Given a smooth solution to (★), not necessarily compact, we first compute 
the evolution equations of geometric quantities like the induced metric gij, 
the induced measure dfi and the mean curvature H. 

Lemma 2.1. The following evolution equations hold. 

i) m9ij = -'^H'^hij , 

: = kH''-^AH + k{k - 1)H''-^\VH\'^ + \A\'^H'' + Ric{i^, v)H^ , 

iii) ^ d/x = -H'^+^dn 

Proof: All of the above follows from a direct calculation as for example in 
[9]. 

In the case that we have a smooth solution of closed hypersurfaces in M"+^ 
to (★), wc first demonstrate how to show the monotonicity of (1) as claimed 
in the introduction. Here 

Cn+i = ((n + lf+^a;„+i)" 

is the Euclidean isoperimetric constant, uJn+i denoting the volume of the 
unit ball in M"+^. To do this, let us first prove estimate (2) for an arbitrary 
closed hypersurface M C R"+-'^ which is at least C^'^. Let M+ be the 
intersection of M with the boundary of its outer convex hull. Since the unit 
normal map v (let us always choose the outer unit normal), restricted to 
M+, covers S" at least once we can estimate 

(5) |S"| ^ J iy*dosn = j GdW j H'^dW^^ j |H|"d7i" , 

M+ M+ M+ M 

which is (2). Here G denotes the Gauss curvature and we used that on 
all principal curvatures are nonnegative, thus we can apply the arithmetic- 
geometric mean inequality in the second estimate. Note that for A; ^ n — 1 
this implies by Holder 

n 

(6) n"(n + 1) {^j \H\''+^dK'^ |M|^-^ . 

M 
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Now use the evolution equations and the above estimate to calculate 

k 

Mt Mt 

(7) ■ ^ (("^ + l)cc'n+l) " " ( j H^^"- dK"^ A^-^ 

Mt 

^ - ((n + - " / if^+i dW- • = -J-Ia"^ . 

n"- 'J Cn+i dt 

Mt 

Rearranging, this implies ^I{t) ^ . 

If the ambient manifold A'^ is 3-dimensional and has nonpositve sectional 
curvatures, it needs some more work to prove (2). If M C A?^ is a closed 
hypersurface which is diffeomorphic to a sphere and at least C"*"'^ one can use 
the Gauss-Bonnet formula, see (70). In Lemma 6.6 we give a proof which 
works without any restriction on the topology. The proof uses a variant of 
the monotonicity formula, and thus needs much less regularity of M. The 
calculation (7) also applies in this setting to show that I{t) is decreasing in 
time. 

3. Elliptic regularisation 

To define a weak solution of wc apply an approximation scheme known 
as elliptic regularisation. Similar techniques to show the existence of weak 
solutions, often in the viscosity sense, have been used by various authors, 
see [6], [10], [14]. We define the following approximating equation. 



= on dQ 



We can give this equation a geometric interpretation. It implies that the 
downward translating graphs 

(u'^(x) t\ 
^ -h -CX) < i < CXD 

solve the ij'^-flow (*) smoothly in the manifold f2 x R. To verify this, define 
the function 

(8) U^x,z) ■.= u%x)-ez, {x,z)enxR, 

such that {U^ = t} = Nf . If we assume smoothness, one can check that 
satisfies on x M if and only if satisfies on Q.. 

Let us now assume that the solutions converge in a suitable sense to 
a weak solution u with level sets {u = t}. The geometric idea in this 
approximation then is that the possibly singular evolution of {u = t} is well 
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approximated by the evolution of Nf in the sense that A*"^^ w {u = t} x M 
for sufficiently small e > 0. 

To show the existence of solutions to we first have to prove a-priori 

sup- and gradient-bounds. 

Lemma 3.1. Let be a smooth solution to (**)e. Then for < e ^ 1, 

(9) sup|u^| ^ C{n,k, diam,{i},)) . 

n 

Proof: Our aim is to construct a super solution. So pick a po e N with 

dist(po;^) = 1- Let Sr '■= dB{pQ,r). Since N is diffcomorphic via the 
exponential map at po to the hypersurfaces Sr are smooth. The 

evolution of the mixed second fundamental form is given by 

since we have assumed nonpositve sectional curvatures. Since Sr is convex 
for small r, this implies that this remains so for all r > 0. Taking the trace, 
we see that the mean curvature H of Sr satisfies 

—H = -Up - Ric(zy, u) ^ -H^. 
or 

Using that limr-^-o H = +oo and integration implies 

(10) H{p) ^ - . 

r 

for p & Sr- We make the ansatz ^{p) = ipir), where r(x) = dist(x,]5o), and 
compute 



divAT 



, = , ^ Ar + g(V[ , , Vr) 



which should be less than — (e^ + {ip')'^)^^^^'^''^ for $ to be a supersolution. 
Let us assume that tp' ^ 0. We apply (10) to see that a sufficient condition 
is that 

Now assume C B{po,Ro) for some Ro large enough. Let cr > be a 
constant still to be chosen and take ■0 = a{k + 1)~^{Rq'^^ — r'^'^^), which 
gives 

■0' = -ar'', V" = -crkr^~^ . 
The inequality (11) then becomes 

1 s'^k 1,9 9 91^, fc— 1 

- ^ f 2^ 2 2k\ + — ^ + )^ ■ 

r r(e^ -|- cr^r^'^j ar'^ 



8 



FELIX SCHULZE 



Dropping the first term on the RHS, a sufficient condition again is 

k-: 

2k 



Since r ^ 1 on f2, we can choose a large enough such that the above condition 
is satisfied for ah p G 17 and e ^ 1. Thus $ is a positive supersolution on 
Q for aU < e ^ 1. By the maximum principle we obtain the desired sup- 
bound. Since every solution to has to be non-negative this implies also 
a bound on □ 

For the gradient estimate we aim to apply a maximum principle for iVu*^!- 
To do this let / : f2 — >^ M be a smooth function and consider 

M = graph(/) 

as a hypcrsurfacc in A'^ x M, where A?" x M is equipped with the metric 
9 = 9® dz^. Let u be the upward pointing unit normal of M and let us take 
T = ^ as the unit vector pointing into the upward M-direction. Then define 

V = {g{v,T))~^ . 



As in the Euclidean case v{{p, f{p))) = y^l + | V/(p)P for all p G $7. We 
now compute A^v at a point q G M. Let ei, . . . , e„+i be a local framing of 
TM around q which is orthonormal at q. We can furthermore assume that 
V^ej = for all v e TgM and i = 1, . . . ,n+ 1. Then at q we have 

V-'^v = -v'^g{Veii^,T)ei = -v^hijg{ej,T)ei , 

where assume summation on Thus 

A'^v = dW^iV^'v) = 5(V^V^i;,efe) 

du 

= g{i-2v—hijg{ej,T) - v^V^hijg{ej,T) 
(12) ^^'^ 

+ v^hijhkjg{v, T))ei,ek) 

= l\V^v\''-v^g{V^H,T)-v^mc,k9{ek,r)+v\A\'' , 

V 

where wc used the Codazzi equations from the second to the third line. To 
simplify further we note that Ric(z^, Cfc) = Ric]v(prTq7v(^)) P^TqArl^A;))- We 
can further assume that ei, . . . , -L r. Then take 

^' |prT,Ar(z^)| ' 

which is well-defined v ^ t. Let us for the moment assume that v ^ r. 
Thus ^ 

Wt^n{v) = \/l - l/i'^ 7 , Pi-T,Jv(en+i) = ± - 7 , 

and 

^^Cukg{ek,T) = Ric(i/,e„+i)5(e„+i,r) = - -^)Ricjv(7, t)- 
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This expression vanishes if = r, which is the right value of the expression 
in (12). Putting everything together we arrive at 

(13) A^v = -\V^v\^ - v^g{V^ H,t) + v\Af + v(l - \)mcN{l,7) ■ 

Lemma 3.2. For any smooth solution of {;k*)e the following gradient 
estimate holds. 

sup jVu*^! ^ cxp(fcCi^supu^) • sup (l + \/ + iVti'^p) , 

where Cr := - inf{i?icjv(C, C) I C e TpN, \C\ = 1, p e n}. 

Proof: Examining (13) we see that we can hope to use the maximum prin- 
ciple for V = ^/T+'\VitF\ if we can somehow control the last term on the 
RHS. Recall that for a smooth solution of (**) the gradient bound cor- 
responds to a positive lower bound of the mean curvature of the level sets 
{u = t} = Mt. Computing the evolution equation of ^(x, t) = exp{r]t)H{x, t) 
for T] = — minQ(Ricjv(z^, z^)) we see that 

Hmhiit) > min(i/„un(0), l)cxp(-r/t) , 

which implies a gradient bound, given an a-priori height bound. Following 
this idea we compute A^{wv) where 

w{{p,z)) = exp(-77z) 

on f2 X R and 77 > to be chosen later. A direct computation gives 

(14) A^w = ri'^(l ;r\w + ri — w, V^w = —riw(T u] . 

Combining this with (13): 

A^'iwv) = wA^v + vA^w + --giV^v, V^{wv)) - —\V^v\^ 

V V 

(15) = ^g{V''v,V^{wv)) +wv(\Af + (l - l)Ricjv(7,7) 
Now define 

Ci := sup a/e^ + iVii^l 
an 

and assume that 

(16) sup > max{Ci, 1} 
which has to be attained at an interior point. Let us take 

M = graph ^—^ . 
Note that equation (**)e implies that 

(17) H = , 

£kvk 
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where H is the mean curvature of M. Now (16) impUes that wv attains an in- 
terior maximum at point po on S, which is strictly bigger than max{Ci, l}/£. 
Furthermore by (14) and(17) 

Thus at po we have by (15) 

0^ |A|2 + (^l--l)Ricjv(7,7)+??^(l-:^) +e--kr)v-^-^ 

(18) 

^(l-^)(l^iM7,7)) + ^(^^)^-^). 

If we now choose ^ = k- Cr we arrive at a contradiction since at pq we have 
£v > w"'^ maxjCi, 1} ^ 1. □ 



Lemma 3.3. Let mingfi Hqq := Sq > and < 61 ^ 5q/{2Cr) he such that 
d{p) := dist{p,Q) is smooth on = {p ^ ^ \ d{p) < 61}. Let < £ < eq 
where Eq := min{C2, 1}, C2 := sup{2~2~ , d^^Ci} and Ci is the a-priori 
bound on sup^ l^"^! from Lemma 3.1. Then any smooth solution of (**)£ 
satisfies the estimate 

(19) sup|Vu^| ^ (72 . 

Proof: We construct a barrier at the boundary, and since ^ we only 
need a barrier from above. To construct a suitable supersohition $, we try 
the ansatz ^{p) = (3 ■ d{p) for a constant /? > 0. Observe that on 0,^^ we 
have Ad = —Hs^, where Hs^ is the mean curvature of the hypersurfaces 
Sr := {d = r}. Computing as in the proof Lemma 3.1 we find that a 
sufficient condition for $ to be a supersolution 0,$ is that 

(20) Hs^ ^ ^{e^ + , 

for all < r < 5 and a suitable < 6 < 61. The evolution equation of ILs^ 
along a geodesic is given by 

—Hs^ = \Asf + Ric(z/,z.) ^ -Cr , 

which implies 

Hsr ^ Han - CRr ^ So - CRr ^ ^ 

for ^ r ^ (5i. Assuming that e ^ /?, a sufficient condition to fulfill (20) is 
that /? ^ 2~2—Sq . If we further assume that /3 ^ Ci/Si we can ensure that 
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on Ssi- Thus by the maximum principle $ ^ on fi^^, which gives the 
desired gradient estimate. □ 

To show the existence of solutions to we study solutions to the following 
family of equations 



ti^'** = on dn 



for ^ K ^ 1 and < e < eo- Iii the following wc show that for any fixed 
< e < eo we have uniform a-priori sup and gradient estimates in k. Since 
K ^ 1 it is easy to check that (9) and (19) also hold for smooth solutions of 

(21) sup lu^'^l ^ C{n, k, diam(J^)) , sup | Vu^'''| ^ C2 , 

n on 

for all < K ^ 1. Here C2 is the constant from Lemma 3.3, where we 
assume the same conditions on dn. For the interior gradient estimate, fix 
an £ G (0,£o)- Let us work on the hypersurface 



M 



graph J 



Equation {irk)^^^ then implies that the mean curvature of S is given by 

K 



H 



1 1 

£kVk 



As in the proof of Lemma 3.1 we obtain that at an interior maximum of u, 
we have the inequality (compare (18)) 

^ \A\^ + ~ ^)R'iCiv(7,7) +^^(1 - \) +Ke-^r]v-^-^ 
1 _i 1-1 1 \ 

^ (l-l)(Ric^(7,7))+,?2^ , 

which gives a contradiction if 77 > ^/CR and v > 1. This yields the interior 

estimate 



(22) sup iVti^'"! ^ exp {^/C^e-^ supu'^'^) • sup (V^^ + |V«='^|2) , 
n n m 

for all ^ K ^ 1. 

Lemma 3.4. Under the assumptions of Lemma 3.3 a smooth solution to 

(**)e exists. 

Proof: We aim to apply the method of continuity to (**)£,«, ^ k ^ 1. Fix 
an e G (0, eo) and write {•^)e,K as 
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with w = on d^l. The map 

F : Co'"(J7) X M ^ C"(f^) , 

defined by F{w,k) := F'^{w) is and possesses the solution F{0,0) = 0. 
Let 

I --{kE [0, 1] I has a solution u^''^ e Co'°(f7)} . 

Clearly G /. We want to show that / is relatively open and closed. 

To see that / is closed we note that the a-priori estimates (21) and (22) imply 
uniform C^(ri)-bounds and thus (**)£,« is uniformly elliptic. The Nash- 
Moser-DeGiorgi estimates then yield uniform bounds in C^'"(j7). Applying 
Schauder estimates we obtain uniform bounds in C*^'"(0) for any k ^ 2. 
Thus by the Arzela-Ascoli theorem I is closed. 

To prove that / is also open we linearize the map F'^ at a solution u. This 
linearization is given by 

DF^lu : Co'"(n) ^ C"{n) . 

Now F'^{w) has the form 

F''{w) = ViA\Vw) + B{Vw) , 

which is independent of w. So by the maximum principle the linearization 

DF'^Uv) = Vi{Ai^{Vu)Vjv) + Bp.{Vu)VjV 

has only the zero solution. Using linear existence theory and Schauder 

estimates up to the boundary wc sec that DF'^\u is an isomorphism. So 
by the implicit function theorem, the set of k such that F{u, k) = has a 
solution (namely /) is open. Therefore 1 G / which proves the existence of 
in C^'°. Smoothness follows again by Schauder estimates. □ 

4. Weak //^-flow and Uniqueness 

Given a connected, open and bounded set Q C N with smooth boundary, 
s.t. H\gQ > 0, the results of the last section ensure the existence of smooth 
solutions u'^ to (**)£ for sufficiently small e > 0. The a-priori estimates 
guarantee uniform bounds in C^(0), independent of e. Thus, given any 
sequence £i 0, we can extract a subsequence (again denoted by (ej)), 
such that 

u^* — u 

in C'^(O) to a function u G C°'^(J^). This suggests the following definition: 

Definition 4.1. Let — >■ and corresponding solutions u'^^ to {*rk)ei be 
given. Assume that n^* u uniformly on Q, where u, u^^ are uniformly 
bounded in C^'^{^1). We then call u a weak H^-tiow with initial condition 
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By the reasoning above we have the existence of a weak H^-How. We now 
want to show that such a weak solution actuaUy is unique, i.e. the hmiting 
function u is independent of the approximating sequence To do this we 
first want to show that any weak H^-iiow coincides with the smooth flow, 
as long as the latter exists. 

Let F{-,t) : x [0, T) be the unique solution to (*) with initial 

condition F{-, 0) = Idg^^QQ. We may further assume that T > is maximal. 
Comparing with shrinking distance-spheres as in the proof of Lemma 3.1 we 
see that T is finite. Let us write = F{dfl,t). As in the beginning of the 
proof of Lemma 3.2 we furthermore obtain that the mean curvature of the 
hypersurfaces remains strictly positive. Thus we have that Mj^ n Mt^ = if 
h ^t2. For < r ^ T define 

0<t<T 

and u* -.nr^ M+ by u*{p) = t, if x e Mf. 

Lemma 4.2. Let u be a weak solution with initial condition il. Then 

u = u 

in 

Proof: Choose any < r < T. Then u* is a smooth solution of on 
Qr- Our aim is to twist u* somewhat to construct upper and lower barriers 
for for £ small enough. To do this let ip : [0, r) —>■ M"*" be a smooth, 

increasing function with il;{0) =0 and define 

v{x) = ^{u*{x)) 

for X e^T- Since u* is a solution of we see by a direct calculation that 
in CIt 

(23) diviv = j=r^ S'^ - ,^ ,„ ViV.v = - ArZ^ 

where in the second equality wc use normal coordinates at p G Qr- This 
implies that i; is a subsolution to (★★) if ^/>' ^ 1 and a supersolution ip' ^ 1. 
Using (23) we furthermore have in normal coordinates at a point p G O-;- 
that 

(^«-jJ^)v.V.».(e^.|V.P)^^ 

((^^-i-i;)^-i-i'^).(^-^)v.v,. 

+ (l - (V'')^)|Vt;| V . 
Now on there exists a positive constant Ci < oo such that 

^ |Vn*| < Ci . 

^1 
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The positive lower bound on the gradient is due to the fact that the flow 
F{-,t) is smooth up to r. The upper bound comes from the uniform positive 

lower bound on the mean curvature of the surfaces Mj. 
We first want to construct an upper barrier for (**)e. Pick any sufficiently 
small (5 > and take ^jJ{r) = (1 + 6)r for r G [0, r — 5] and continue ^p 
smoothly in a convex way on (r — 5,t], such that 

(25) ^tV^ ^ sup suplVii'^l + l 

where eg is the constant from Lemma 3.3. Observe that |Vt;| = ip'\Vu*\. 
Thus (25) implies that the solutions cannot touch in a neighborhood 
of the inner boundary of $7^. Having fixed ijj, we have the bounds 

^ \Vv\ ^ C2 , \V^v\ ^ Cs on Qr 

for some positive constants C2, C3. Since ijj' ^ 1 + 5, we sec from equation 
(24) that is a supersolution on O,- of (**)£ for sufficiently small e. As 
explained above, the solutions u^' which converge to u cannot touch v on 
the inner boundary of $7^-, so v acts as an upper barrier for sufficiently small 
Ei. Taking the limit ^ u we obtain that u ^ v on fi^. Letting 5 \ 
and T T wc arrive at u ^ u* on Qt- 

For the lower barrier take again t,5 as above and let tp(r) = (1 — 6)r for 
r G [0, r — 25]. The aim is then to continue ^p on {t — 25, r] in a concave way, 
such that wc can extend by a constant on Oyfi,- to obtain a C^-subsolution 
to (**)£ on the whole of 17. To estimate the RHS of (24) from below we drop 
the first term and use that Vv = ip''Vu*, ViVjv = jp"ViU*VjU* +xp'ViVjU* . 
Thus we get a lower estimate of the RHS by 

(26) V £2 + (^/)2|v^*|2j(,V' I ^\yu\) 

+ (V'')^((i-(V'')^)|v«1^) ^CiV-C3V'' + 7(^-0^ , 

where 7 > is a constant depending only on 5 and Ci. Thus the RHS is 
nonnegative on [r — 5,t], if 

It is then a direct calculation that the choice ■ip{r) = —a{T—r)^^^+b satisfies 
the above constraints for a constant a > 0, depending on k, 6, 7, Ci, C3, and 
b still free to choose. We then adjust b such that we can continue -0 on 
[r — 25, T — 5] smoothly in a concave way. On Q-r-S we can again use (24) 
to see that for small enough s the function u is a subsolution. Equation 
(26) then guarantees that this also works on ^l-,- \ 0,^—6- We extend v to the 
whole of Q by setting v{p) = b for p £ Q \ ^1^-. Thus for k > 1, v is a C'^ 
subsolution of (**)£ for sufficiently small e and thus a lower barrier for tt^*. 
Using the a-priori estimates we can take the limit A; \ 1 to see that v also 
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acts as a lower barrier in this case. Then arguing as in the case of the upper 
barrier we obtain finally that u ^ u* on $7t- ^ 

Corollary 4.3 (Avoidance of smooth flows). Let u be a weak H^-flow with 
initial condition $7 and {Mt)to^t^ti, to ^ 0, be a smooth, compact H^-flow 
with positive mean curvature. Assume that Mt^ and u are disjoint at to, 
i.e. Mfg D {u = to} = 0, then they remain so for all future times, i.e. 
Mtn{u = t} = i/>, V to ^ i ^ ii- 

Proof: Let fi' be the bounded and open set in M"+^ such that Mt„ = dQ'. 
We can assume that $7' C $1 or C otherwise there is nothing to prove. 
We treat the case that ^l' C ^l, the other case follows similarly. Let u"^^ be 
the sequence of solutions to (irk)^. converging to u. Then take u^* to be the 
solutions to {**)ei on Q', where we take the same sequence {£«}. We can 
furthermore assume that u^^ u uniformly, s.t. u is a weak solution with 
initial condition By Lemma 4.2 we have that 

(27) Mt = {u = it- to)} 

for to ^ t ^ ti. Since u > to on Q' also u^' > to for sufficiently large i, and 
thus by the maximum principle ^ u^' + to which gives 

U ^ U + to 

on fi'. We can now shift MtQ a little bit forward in time such that Mtg 
remains disjoint from u and repeat the above argument. This yields 

U > U + to 

on ri', which proves the claim, using (27). □ 

By interposing a C^'^-hypersurfacc between two weak iJ'^-flows, we can ar- 
gue as it is done in [13] for set-theoretic subsolutions to mean curvature 
flow, that also two weak if^-flows satisfy the avoidance principle. Since the 
proof depends on the translational invariance of the flow it works only if the 
surrounding space is Euclidean. Furthermore we can start a smooth iJ'^-flow 
only from a C^'^-hypersurface if it has nonnegative mean curvature, so we 
have to restrict ourselves to low dimensions. 

Theorem 4.4. Let N = n ^ 6, and u,u be two weak -flows 

generated by two open sets fi, C R'^+-^ where at least one of them is 
bounded. Assume that for ti,t2 ^ we have {u = ti} n {"it = t2} = 0. 
Then {u = {ti + r)} (1 {u = {t2 + r)} = for all r ^ 0. 

Proof: We can assume that {u ^ t2} {u > ti}. We want to show that 
dist({u = (ti + r)}, {u = (t2 + t)}) is non-decreasing in r. Observe that by 
translational invariance of the H^-How Corollary 4.3 proves this if one of 
the two flows is actually smooth. By [13] we know that there exists a closed 
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C^'^-hypersurface S G {u > ti} \ {u ^ ^2} which separates {u = ti} and 
{u = t2} such that 

(28) dist({'u = ti}, {u = t2}) = dist({'u = h}, S) + dist({'it = t2}, S) . 

Let E be the open set, bounded by S, such that {u ^ C E. Now take 
E' C {u > ti} to be the outer minimizing hull of E in {u > ti}, i.e. E' is 
the intersection of all minimizing hulls in {u > ti}, which contain E. Here 
we call a set F G G, where G C R"''"-'^ is open, a minimizing hull in G, if it 
minimizes area from the outside in G, that is, if 

(29) \d*FnK\^\d*HnK\ 

for any H containing F such that H \ F <e G, and any compact set K 
containing H\F. For details on minimizing hulls, see [10], chapter 1. Since u 
is weak H^-Qow, all the sets {u > t} are minimizing hulls in Q, see Corollary 
5.7, which is proved independently of this uniqueness result. By Corollary 
4.3 the sets {u = t} cannot develop an interiour, thus there is a r > ti such 
that E {u > t}. This implies that E' cannot touch d{u > ti}. Since 
dE = S* is C^'^ and n ^ 6, a result of Sternberg, Williams and Ziemer [22] 
implies that S" := dE' is also a C^'^-hypersurface. Since E' locally minimizes 
area from the outside, S' carries a nonnegative weak mean curvature which 
is in L°°. By an argument of Huiskcn and Ilmanen, see [10], Lemma 2.5, 
S' can be approximated by a sequence S'^ of smooth hypersurfaces from the 
inside, which are uniformly controlled in and with strictly positive mean 
curvature. Let MJ: be the smooth evolution along the H^-fiow of the ^''s. 
By Proposition 3.9 in [19] these flows exist on a uniform time interval [0, e), 
for some £ > 0. We first want to show that 

dist({u = h}, S}) = dist({u = h}, S'}) . 

Assume to the contrary that 

dist({u = h}, S}) > dist({« = ti}, S'}) , 

then the shortest distance has to be attained at a point p & S' such that S' 
is a smooth minimal surface around p. Thus the M| move initially near p 
as slowly as we wish, and note that u has to avoid the flows Ml. Even more 
the shortest distance from {11 = ^1} to Mq has to be attained at a sequence 
of points p^ e Mq, which we can assume to converge to p. Translating the 
Mq's such that they touch {u = ti} in p', wc get by the avoidance principle 
w.r.t. smooth flows a contradiction to the C^'^-bound of u. Thus we can 
replace S by S' in (28). Now u and u avoid the evolution of all the M^ 
which proves the statement of the theorem in the limit i — ^ 00. □ 

By shifting the initial condition a little bit in time this implies uniqueness. 

Corollary 4.5. Let N = n ^ 6 and U C be a bounded, open set 

with smooth boundary such that Hqq > 0. Then the weak H^-flow generated 
by ft is unique. 
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Note that in the case k = 1, i.e. mean curvature flow, any weak flow as 
above, without any restriction on the dimension and on the ambient space, 
coincides with the level-set flow of dfl and is thus unique, see [6] . 



5. Further Properties and Regularity 

In the following section let O C A/" be a flxed open and bounded set with 
smooth boundary such that Hgn > 0. Let u G C°'^(0;M+) be a weak H''- 
flow generated by Jl, i.e. there exists a sequence \ and solutions u^* 
to which are uniformly bounded in C'^'^(ri;M+) converging to u in 

C°(II). Then the hypersurfaces N} C N x R, deflned by 



Ni := = graph 



which are level sets {J7^* = t} of the function C/^' ((x, z)) = u^^{x) — SiZ on 
O X R, are smooth translating solutions of the H^-fiaw (*) , see (8) . Equation 
{irk)^^ implies that the mean curvature i?| of is given by 

(30) Hi = ^ 



1 



(e? + |V'u^'p)2fc 

To flx some further notation define the following subsets of J7 x R: 

Ei := {U'^ > t}, E[ := {U > t} , 

where U [{x, z)) = u{x) on J7 x R. The sets E'^ can be written as E[ = EfX R, 
where Et := {u > t} C ^. A first observation is that the sets El are 
minimizing hulls in x R, see (29). 

Lemma 5.1. The sets El are minimizing area from outside m J7 x R, that 
is 

\d*EinK\ ^ \d*FnK\ 

for F with El c F, F\ElcKcClxR, where K is compact. Here we 
take the right hand side to he +oo if F is not a Caccioppoli-set. 

Proof: The outward unit normal to the surfaces A?|, which is given hy u = 
-VC/^V|VC/^*| is a smooth vectorfield on x R with div(z/) = \DU^i\-^/'' > 
0. Thus we get by the divergence theorem for Caccioppoli-sets, using as a 
calibration: 

0^ j(ii\{v)dx= - j V ■ VQ^^idl-C- + j ly ■ vq* p dU"- 

(31) 

F\E| d*Eir\K d*Fr\K 

^ - \d*EinK\ + \d*FnK\, 

where we take 1^0*^^ ^d*F to be the outward unit normals to d*El, d*F. 

□ 
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Corollary 5.2. (Mass Bound). Let Q.' := 9. x [a, 6]. Then 

(32) \Ni n O'l ^ (6 - a) + 2W"+i(0) 
/or all — oo < t < oo. 

Proof: Let rij d be a sequence of open sets, such that 9^7 y ^ dVl in C^. 
Then := {p,j x (6 - a)) U are valid comparison sets, and the above 
lemma gives the estimate for j — > oo. □ 

We can use this a-priori mass bound and the lower bound on the mean 
curvature together with evolution equations to deduce space-time bounds, 
independent of ei. 

Lemma 5.3. Let / = [a, fe] C M 6e a hounded interval. Then 

+ 0O 

(33) / f H^+^ dK'"'^ ^{h-a) Wid^) + 27e+^{^) . 

— oo 

Proof: Observe that by the Coarea formula 



-oo 



/ \DWi\-Tidx= I I Hf+^dn''+^. 
Qxl -oo 
We can then use (31) and argue as in in the proof of Corollary 5.2. □ 



Lemma 5.4. Let k > S, I = [a,b] G ^ be a bounded interval and J7. 
Then 

+ 00 

/ / \VHi\^ dT-c+'^ ^ c{n, n', L, k) . 

J JNinia'xi) 

— oo 

Proof: Choose (f) e C^{Q x'R),0 ^ cf) ^ 1, such that cf) = 1 on W x L and let 
a > 0. By the evolution equation for the mean curvature and integration 
by parts we can compute 

d 



- J = j (-a)(l + a)kcl)H^-''-^\VHi\ 



+ akH^-''-'{VHi, V4>) - a(l)H^-''-\\A\' + Ric(i/, u)) 
We can estimate the first term in the second line as follows: 
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Since |V0p/0 ^ C{(j)) we can apply this estimate and integrate from ti to 
t2 to arrive at 

J k(f)H^-'^-^\VHif dW^^ dt ^ ^ J (j)H-'^ dW^^ - ^ J ^H-'^dK'^^ 

rk—a—l I Tjk—a j-iyn+1 



+ C + d7^"+^ dt , 

J JnI 

tl 

where C = C(0, a^^, fc, sup^^ |Ric|). Now for ti <^ —1, t2 ^ 1 we have 
N^^ n supp(0) = n supp(^) = such that the first two terms on the RHS 
drop out. Furthermore the a-priori gradient bound from Lemmata 3.1, 3.2 
and 3.3 together with (30) give a uniform positive lower bound on Hi. Now 
choose a = {k — 3)/2 and use Lemma 5.3 to prove the claimed estimate. □ 

The space-time estimate (33) implies that the measure of the sets Ef is 
Holder-continuous in time, which also excludes that the level sets of u can 
"fatten up": 

Lemma 5.5. The weak H^-flow u is non- fattening, i.e. TC"'~^^[{u = t}) = 
for all t e [0, T], where T = sup^ u. 

Proof: Let $7' := O x (0, 1). Then for any ^1,^2 G ti < t2 we have by the 
Coarea formula together with (32), (33) and Holder's inequality 

|7^"+2(Et\ n n')- K"+^(^4 nn')\ = [ [ dje^^ dt 

tl * 

^\t2-ti\T^Jj(^J^^^^ H^dn''+'^ ' dtY^' 



t2 \ 

^ fc+1 




^C|i2-ii|^ / / H^^'^dK'^^dt 



^ C\t2-ti\k+l , 

where the constant C does not depend on i. Observe that since C/^* U 
locally uniformly on O x R we have that 

(34) Ei ^ Ei 

in Lj^^, provided that W+'^iU = t} = 0. Thus (34) holds for all t up to a 
countable set S = {t e [0,T] | H"+^{i7 = t}>0}. Taking the limit we have 

n n') - 7r+'^{E[^ n J^OK c'l*2 - ti|^ 
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for all ti, ^2 G M \ 5. Now let to ^ S and pick sequences tj y to, tj'\ to 
where t~,t'^ eR\S. Since 

E' ^{U-^ to} , E'+ -^{U> to} 

3 j 

this implies that W+'^{U = to} = 0, and thus 5 = 0. □ 

We have seen before that the sets El are minimizing area from outside in 
X M. Wc now want to show that this property passes to limit, even more 
we show that this is always preserved under Lj^^^-convergence. 

Lemma 5.6. Let U C M""*"^ be open and E^ C U a sequence of Caccioppoli- 
sets in U , which converge in L\^JU) to E G U such that \d*Efir[K\ ^ C{K) 
for all K C U, K compact, independently of h. If all the Efi are minimizing 

area from, outside in U then so does E. 

Proof: Let E C F with F\E C K CU,K compact. Since U ^ ^ and 
Efi ^ E in L^^^(U\K) there exists a compact set K' CU with K C int(K') 
with smooth boundary dK' such that 

\d*{FUEh)ndK'\ = \d*{FnEh)ndK'\ = \d*EhndK'\ = 
(^^) for aU h and J {^f^e,, - fE^dTC . 

dK' 

Here ^p^j^i ) V'e, denote the inner, resp. outer, trace oi F U E^ and E^ on 
dK'. We can assume w.l.o.g that \d*Eii nU\ ^ C for all h, and we obtain 
for Fh := EhUiFn K'), compare [7], Prop. 2.8: 

\d*Fhnu\ = \d*Ehn{u\K')\+ J \ip-^j,^-v+jdn'' + \d*iFuEh)nK'\. 

dK' 

The set F^ is a valid comparison set for E^, thus \d*Ehr)U\ ^ \d*FhnU\, 
which yields 

\d*{F U Eh) n K'\ ^ \d*Eh nK'\- J \ip-^j,^ - v+JdH'' . 

dK' 

Recall the general inequality 

(36) \d*{Ei U E2) nA\ + \d*{Ei n E2) n A\ \d*Ei n A\ + \d*E2 n A\ , 

which holds for any two Caccioppoli-sets -Ei, £'2 in U, and A any open subset 
of U. By (35) we can apply this with Ei = Eh, F = E2 and A = K' to get 

\d*F n K'\ ^ \d*{Eh nF)nK'\- [ \<p- - fUdH'' . 

JdK' 

Since Eh Pi F ^ E in LJ^^, we can use lower semicontinuity and (35) to pass 
to limits: 

\d*FnK'\ ^ \d*EnK'\ . 

□ 
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Corollary 5.7. The sets E'^ are minimizing area from the outside in 17 x M 
for all t G (0, r). As well the sets Et are minimizing area from the outside 
in n for allte (0,T). 

Proof: The proof of Lemma 5.6 also works if we replace M""'"^ by A'^ x M. 
The first statement follows from Lemma 5.5. For the second statement let 
F be a valid comparison set for Et in i7, i.e. Et C F, F \ Et C K C K 
compact. Define F' := (Fx (—l,l))DEt which is a valid comparison set for 
E't. Thus for K' = K x [-1 + 1,1 + 1] we have \d*E'tr\K'\ < \d*F'nK'\, i.e. 

2l\d*EtnK\ ^ 2l\d*FnK\ + 2n''+^{F\Et) . 

Taking the limit / — oo proves the second statement. □ 



Corollary 5.8. The function t i— > \d*Et\, t G [0,1"), is monotonically de- 
creasing. 

In the following we want to show the convergence of the Hypersurfaces 

Ni ^ Ft X M 

for a.e. t in the sense of measures, where 

Tt := d{u>t} cnc N, 

i.e. Ft X M = d{U > t}. So define Radon measures on x M by 

fj,l ■= TY'^+i L Ni , fit := L d*E't . 

To prove the convergence //^ ^t we exploit the property that the sets El 
minimize area from the outside. We first want to define a set B C [0, T] 
of times where we can expect that such a convergence holds true. Observe 
that we have d*Et C Fj C {u = t} for all t. 

Lemma 5.9. There is a set B C [0,T] of full measure, s.t. 

'W'iiu = t} \ d*Et) = 

for all t e B. 

Proof: Since u is in C^'^{Q) C BV(fl) we can compare the Coarea-formula 
for SF-functions and Lipschitz-functions to get 

r n''id*Et)dt= [ \Du\dH''+^= r 7e{{u = t})dt. 
Jo Jn Jo 

Since the integrals are finite, this yields 



/ H''{{u = t}\d*Et)dt = , 
Jo 



which implies the statement. □ 

Thus nt = L (Ft X M) for allte B. Even more /it is (n + l)-rectifiable 

for all t G B. 
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Proposition 5.10. For all t ^ D, fit in the sense of Radon measures. 

Proof: We give the proof only in tiie case N = M**"*"^. Since it uses only 
local techniques it is straightforward to see that the same proof, with some 
minor modifications, works also for a general N. 

Fix at £ B. By the mass bound (32) we can extract a subsequence //^ such 
that jj^t ^ fi, where is a Radon measure on O x M. 
Claim 1: supp(/Lt) C {tt = t} x M. 

Let X G X R, X ^ {u = t} X R, i.e. U{x) ^ t. Let us assume U{x) > t. 
Thus there is a (5 > such that Bs{x) ^ ^2 xM and U{y) > t for all t G B§{x). 
So for i sufficiently large f/^' > t on Bs{x), i.e. N^riBg^x) = which implies 
fx\{Bs{x)) = for large enough i. So x supp(/x). 
Claim 2: Let Bp{x) d x R. Then 

We have ii{Bp{x)) ^ liminfj^oo A^t^ (-Bp(x)). Using that iJLt{Bp{x)) = 
\d*El' r\Bp{x)\ and the El' minimize area from the outside, we obtain by 
comparison with E].' U Bp{x): 

Thus for £ > 0: 

li{Bpix)) ^ fi{Bp+,{x)) ^ (n + 2) a;„+2(p + , 
which proves the claim for £ — ^ 0. 

The second claim establishes that /j, is absolutely continuous w.r.t to H"''^^- 
measure. By claim 1, Lemma 5.9, and the differentiation theorem for Radon 
measures there is a function 6 G L'^{Tt x M , H"'~^^) such that we can write 

(37) ii = fit\-e. 

Claim 3: 9 ^ 1 W+^-a.e. on Tt x R. 
By the differentiation theorem 



(38) 0{x) = lim 



fi{Bp{x)) 



P^o fit{Bp{x)) ' 

H"'^^-a.e. Let x G x R such that this holds. Now for all but at most 
countably many p, provided Bp{x) x R, we have 

fi{Bp{x))= lim f^^{Bp{x)) . 



u 

.ii 



On the other hand /i/ = Tt"'^^ L3*£'/ and by lower scmicontinuity 
f^t{Bp{x)) = \d*E', n Bp{x)\ ^ liminf \d*El' n Bp{x)\ . 

j— ►oo 

Thus e>l W+'^-a.e. on F. x R. 
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Claim 4: 6{x) ^ 1 for almost all x & d*E[. 

Here we use again the property that the sets are minimizing area from 
the outside. Let x G d*E[ such that (38) holds. By a translation we can 
assume that x = 0. Since x G d*E[ wc know that as A ^ 0, the rescalings 
X~^d*E^ — > Txd*E[ in the sense of Radon measures, and X~^E[ — > in L\^^ 
where H is one of the halfspaces bounded by Txd*E[. By a rotation we can 
assume that T^d*E[ = = 0} and H = < 0}. Let £ > be 

given, and choose a A > such that 

f^{Bx{x)) 



(39) 



e{x) 



cj„+iA"+i 

We can do this since Q'"-^^{d*E^,x) = 1 and by (38). Then define the 5-slab 

Ss := {x G M"+2 I \xn+2\ ^ S} . 
By adjusting A maybe even further, we can assume that 
n+lt\-la*TP> fn. \ Q \\ ^ ^ ^"+1 



(40) n-+\x-'d*Eln{B2\s,))^e 

and 

(41) {{X-^E[ \H)U{H\ X-^E't)) ^ 

By claim 1 we have ^ {n + 2)ojn+2/'jJn+i, H"''^^-a.e. and thus (40) implies 

(42) /xa(S2 \S,)^s 

where fix is the rescaling of by the factor A~^, defined by ^a(^) = 
X~^"'~^^^ IJ,{XA). We then choose i (dropping the subscript t) big enough 
such that 

(43) \f/^iB2\S,)-iix{B2\S,)\^e , {fi'^iB^) - fix{B2)\ ^ e 
and 

(44) H"+2((A-^E^ \ X-^El') U {X-^eI' \ X-^E't)) ^ 
Combining this with (42) and (41) we get 

(45) fi'^{B2\Se)^2e 
and 

(46) n^'+mX^^Ei' \H)U{H\ X-^El')) ^ 26^ . 

In other words, up a set of small measure, X~^EI^ looks like the halfspace 

H on B2. We now employ that X~^eI^ is minimizing area from the outside 
to get an upper bound on the area contained in the slab (1 Bi. Now by 

(46) there is a ^ G [e, 2£] such that 

(47) (({x„+2 = -6} n {X-'Ei'f) n B2) ^ 2e 
We take as comparison set F, 

F := X-^eI' U {Ss n Bi) . 
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Since X~^EI^ is minimizing area from the outside, together with (47), (45), 
this imphes 

f/^ (Bi) ^ Un+i + 4:eniOn+i + 4£ , 
which in turn gives with (43) that 

IJi\{Bi) ^ Un+i + AenUn+i + 5£ 
Finally applying this to (39), we arrive at 

e{x) ^ 1 + (4n + h/un+i + 1) £ . 
which proves the claim. 

To finally prove that /j, = fit we combine claim 3 and claim 4 to see that 

9=1 Ti.^~^^-a.c. on Fj x M, and use (37). Thus the limit measure fi does not 
depend on the subsequence, so the whole sequence converges, i.e. ii\ ^ jif 

□ 

Recall that we have the uniform space-time bound, see (33), 

T 

j J H^+^ dni dt^{b- a)W{dQ.) + 2W"+i(0) , 
^ 

where fi' := x (a, h). Thus by Fatou's lemma 

(48) liminf / H^^Ufxl < oo 

«-*oo Jci' 

for almost all t G [0,r]. Then we let 

B := {t e B \ (48) holds for any bounded interval (a, 6)}. 

Note that B again has full measure. Thus for every t e B there is subse- 
quence (ij) such that by the mass bound and Holder's inequality 

(49) sup / \H'^dni' ^ C(iJ,i'{A))^ < C{n) 

for every A C . By the compactness theorem for (n+l)-rectifiable varifolds 
of Allard, there is a further subsequence (which we again denote by (ij)) 
such that converges in the sense of varifolds to a limit, which again is 
(n -I- l)-rectifiable. Since nl — fit this implies 

N^' ^ Ft X M 

in the sense of varifolds, where we see Fj x M as a (n -|- l)-rectifiable, unit 
density varifold. The estimate (49) then implies that the total variation 

S{Tt X R) is absolutely continuous w.r.t. ^t, i-e. Fj x M carries a weak 
mean curvature H, and thus by the product structure also F^. The varifold 
convergence now implies that 

/x|L(-iJV|)^/^tl-H 
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in the sense of vector valued Radon measures. So by lower semicontinuity- 
results for convex functionals of Hutchinson, see [12], 



In' 



|H|*^+i d/it ^ liminf / H^+^ di4 . 



II 



In' Jn' 
So again by Fatou's lemma 

T T 

\U\''+^dntdt^ liminf // H^+Unldt 

lnx(a,b) JJn' 


^ (6 - a)K'{d9) + 2H''+^{^) . 

This implies 

T 

(50) f I |H|*+^ dTi" dt ^ T-C'idn) . 

J JnnTt 



Applying Allard's regularity theorem we can summarize the above in the 
following regularity and approximation result. 

Theorem 5.11. There is a set B c [0, T] of full measure, such that for all 
t E B the following is true. 

i) w"(rt \ d*Et) = 

ii) For k > n — 1 the surfaces Ft are up to a closet set At C Ft with 
n'^{At) = in C^'^-^. 

iii) There is a subsequence (ij), depending on t, such that N'^ ^ x M 
in the sense of varifolds. If k > n, then away from the set At x R, 
this convergence is in C^'"' for any < a < 1 — . 



6. The main estimate 

In this section we show that the estimate (2) is valid for almost all t G [0, T] 
if N = M"+^. The estimate in case N is a complete, simply-connected 3- 
manifold with nonpositve sectional curvatures will be given at the end of 
the section. 

Our aim is to transfer the computation presented in (5) for the smooth case 
to the setting of lower regularity of solutions of the weak flow. Assume 
that k > n. By Theorem 5.11 and Lemma 5.4 we know that there is a set 
B C [0, T] of full measure, such that for t £ B the following statements are 
true: Up to a closed set of W^-measure zero, the set Ft = d{u > is a C^'°' 
hypersurface, which carries a weak mean curvature in L'^~^^{Ft). We can as 
well assume that there is a sequence — such that 



Nl ^ Ft X M 
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oo 



in the sense of varifolds, and 

(51) limsup / iHil^'^^ + \VHi\'^dnl' < 

i— ♦oo J 

Nin{nxi) 

for / a bounded interval. Our aim is to do all the computations on equidis- 
tant hypersurfaces to Ft and then pass to limits. For this purpose, define 
for s > 

L,{Tt) = d{x G I dist(a;,£'() s} . 
Lemma 6.1. Let ^ G C°(M"+2). Then for all p < k + 1 



(52) 



Proof: By the results stated above we know that 

Ni ^ X M 

not only in the sense of varifolds, but also by Allard's theorem away from the 
singular set sing(rj) x M locally uniformly in C"*^'". Furthermore sing(rt) x 
M is closed and has H^+^-measure zero. So given any 5 > there is a 
neighborhood S of sing(rj) x M such that 



(53) lim sup 



^ Csup|<^| 5 . 



(j)HP dn''-^^ 

iNins 

Here we used the uniform L'^ "'"^-estimate on H from (51). Now outside 
S the convergence of the hypersurfaces is locally uniform in C^'". So it 
suffices to check (52) locally, such that x M and iVj can be written as 
converging graphs (with bounded gradient) over a fixed hyperplane. Since 
the hypersurfaces converge as varifolds, and we have local convergence in C^, 
the mean curvature Hi converges weakly to H. The uniform L^-estimate 
on VHi from (51) gives that Hi ^ H in L^, and by interpolation in for 
every p < k + 1. Using a suitable partition of unity and (53) we get the 
claimed convergence. □ 

To be able later to control the convergence as s ^ we need to control the 
local area growth of the hypersurfaces Lg in the parameter s. 

Lemma 6.2. For almost all s > the following statement is true: Let K C 
Ls(Ft) be -measurable and define P{K) := {x E Ft \ ^ y E K with \y — 
x\ = s}. Then 

n^{K) ^ I (|H(x)|s + n)"dW"(x) . 

P{K)nrt 

Proof: We can assume that K is compact, and so P{K) is compact as well. 
Define for 7, > 

:= {x G W^'^ I dist(a;, K) < 7} , := {x G W^'^ \ dist(a;, P{K)) < r?} . 
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Claim 1: For all 77 > there exists a 70 > such that P{K^ n LgiTt)) C 
for all 7 ^ 70- 

Assume to the contrary that there are points yi G LgiJ^t) \ K with — > 
Voo € K and points Xj G Tt with \yi — Xi\ = s, but dist{xi, P{K)) ^ rj. We 
can assume that Xi — > Xoo G ^t- Thus |yoo ~ ^^ool = s, but Xoo P{K)- This 
proves Claim 1. 

Since the distance function to Et is lipschitz, we can argue as in Lemma 5.9 
that for a.e. s the set {a; G | dist(a;, Et) < s} is a Caccioppoli-set and 

(54) d*{x G n I dist(x, Et) < s} = LsiTt) 

up to Ti'^-measure zero. A further thing to note is that by (51) the mean 
curvature H^* is uniformly bounded in LP^Nl) for some p > n + 1. This 
gives that also 

Nl ^ Ft X M 

locally in Hausdorff-distance, which in turn implies that 

{z G O X M| dist(z, El) <s} ^ {x(^Vl\ dist(x, Et) < s} x M 

in L\^^. Then using the lower semicontinuity of the BV-norm we deduce, 
note (54), 

(55) l-r+^{{K^ X /) n {Ls{Tt X M))) ^ \lu^^ul^7^+^{{K^ x I) n ^^(iV^*)) , 

i— ►oo 

for any bounded interval /. Wc now want to apply a result of Li and Nircn- 
berg [17] or equivalently Itoh and Tanaka [15], which says: Given a bounded 
open set S C W^^'^ with smooth boundary, define G to be the largest open 
subset of S such that every point x in G has a unique closest point on dS. 
Then the set S(5) := S\G has finite '^""'"^-measure. Furthermore for every 
X G G the distance function to the boundary is smooth. 
Since the sets M""*"^ \ El have a smooth boundary and converge locally in 

Haussdorff-distance to \ (Et x R) we can apply the above result to 

deduce that the sets Sj c ]R"+-^ \ E^, defined as above have locally finite 
H""'"^-measure. Thus for almost all s G (0, 1) 

(56) n''+\Ls{Ni) n Si) = for alH G N . 

Now pick an sq G (0, 1) such that (55) and (56) hold. Let xq G Lso{Nl) \ Sj. 
Then there is neighborhood of Xq such that every point has a unique closest 
point on Nl and the distance to Nl is smooth. Even more, the same is true 
for a neighborhood of the line I connecting xq to its closest point on A^^ . We 
compute along I 

(57) ^H = -\Af^--H'' 
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where H is the mean curvature of La{Nl) along I. Comparing with the 
solution of the ODE yields 

u( \ ^ / nF(0) X niJ(O) 

(58) His) ^ max , , = -r-—: , 

where the last equality holds since H{0) > 0. The evolution of the measure 
along I is given by 

— d/x = H(s) da 

OS 

which can be integrated to 

(59) dn{s) = exp ^ H{t) dr^ d/x(0) . 
Inserting the estimate (58) 

we arrive at 

(60) dfiis) ^ (^^MlU^y dfi{0) . 

If we denote with Wi^ = {z G \ 3 w e {K^ x (0, l))nLs(iV/) with \z-w\ = 
s} we estimate, using (56) and (60), 

(61) H"+^((K^ X /) n Ls{Ni)) ^ i- / {Hs + nr d'W'+^ 

" JwinNi 



7' '"'t 



for all i G N. Given an 77 > assume that 7 > is small enough such that 
also 27 < 7o. 

Claim 2: For i large enough Wl^ C P2?} x (— ?7, 1 + ??)■ 

Assume this would not be the case. Then there exist points Wi G {K^ x 
(0, l))r\Ls{Nl) and points Zi G Nl with \wi—Zi\ = s and dist(zi, x (0, 1)) ^ 
77. We can further assume that Wi — > w^o and — > with \woo — Zoo\ = s. 
Since A/j — x R in Hausdorff-distance we have that 

Woo e {K2-y X [0, 1]) n {Ls{Tt) X [0, 1]) and z^o G Fj 

but 

Zoo (^'r, X [0, 1]) n (Ft X R) . 
This contradicts Claim 1. 

We now combine (55), (61), Claim 2, and Lemma 6.1 to arrive at 
7^"+\(A:^ X (0, 1)) n (L,(Ft X M))) ^ j n-'^iHs + n)" , 

(J'2„x(-»7,l+r?))n(rtxM) 

for almost all r/, and 7 chosen appropriately. Then let 77, 7 — 0. □ 
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The next lemma shows that there can't be two different points pi,P2 £ 
Lsiyt) and a point xq G Tt with \p\ — xo| = \ps — xq\ = s. 

Lemma 6.3. Assume that in a point xq G Ft the set Et can be touched from 
outside by two balls Bgipi), Bs(j)2) for s > 0. Then pi = P2- 

Proof: Assume to the contrary that two different balls Bs{pi), Bs{p2) touch 
Et in Xq. Since H G L^iTt) for some p > n the density O" exists at xq. 
Since Et minimizes area from the outside, we can argue as in the proof of 
Proposition 5.10 to show that 0" satisfies the bound 0"(xo) ^ C{n) . By 
upper semicontinuity 0"(xo) ^ 1. Thus the blow-ups 

^{Ft - xo) 

converge for some sequence Aj — > to a stationary cone C with ~ 
Gpjxo). Since pi / p2 the cone C has to be a subset of two different closed 
halfspaces Ti,T2 where is contained in either of the boundaries of Ti,T2. 
This implies that supp(C) has to be a subset of dTi (see for example [20], 
Thm. 36.5). Since the same holds also for dT2 we have C C dTi r\dT2. This 
yields 7^"(C) = 0, which contradicts 6^(0) > 0. □ 

Given a "H^-measurable function / on Lg(Tt) this enables us to define the 
"pull-back" / to Tt by 



f{y) if 3 y G Ls{Tt) with \y-x\ = s, 
else. 



for any x £ Tt- By the regularity of Fj, / is also 7i'*-measurable and we get 
the following Corollary: 

Corollary 6.4. For almost all s > the following statement is true: Let f 
be a -measurable, nonnegative function on Lg{Tt) and define f as above. 
Then 

J f{y) dH'^iy) fix) (|H(a;)| s + n)" dH^ix) . 

In the next proposition we use the previous estimate to prove (2) for almost 
every t. 

Proposition 6.5. Let k > n. Then for all t e B the estimate 

(62) [ inrdfi^l^cnY 

Jvt \n-\-l J 

holds. 



Proof: We first need to investigate further the regularity of the hypersurfaces 
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Claim 1: Let t E B. Then Tt is twice differentiable H^-a.e. 

Let S C Ft he the singular part of Tf, such that away from S, Ft can be 
written locally as the graph of a C-'^'^-function u. By (51) we know that the 
mean curvature H of Ft is in LP (Ft) for some p > n. This implies that u is 
a weak solution of the equation 

divf , ]=H. 



U 



Since we can assume that p ^ 2 we can deduce as for example in [7] , Theorem 
C.l, that u G VF^'^ and n is a strong solution of the equation 



(63) aij{Du) DijU = y/l + \Du\'^H , 

where 

aij{Du) = dij - 



1 + |I?ii|2 ■ 

Since u is in the coefficients uniformly elliptic and continuous. 

Thus we can apply the estimates of Calderon-Zygmund to deduce that 
u G Ty^'^. Since p > n,u is twice differentiable ?Y"^-a.c. (sec for exam- 
ple [5], section 6.4, Theorem 1). Note that at a point xq where u is twice 
differentiable, we can write 

u{x) = u{x,) + DMxo){x - xoh + \d,A-o){x - x.^x - Xo), 

+ o{\x - XoP) , 
and equation (63) holds pointwise a.e. 

We now argue in a similar spirit as [16]. Let us denote with C{Ft) the outer 
convex hull of Ft and let Cg = Ls{C{Ft)). Observe that forming the convex 
hull and taking an outer equidistant surface commutes, i.e. 

Cs = LsiCiFt)) = C{Ls{Ft)) . 

Cg is convex and C^'^ (see Appendix B in [1]). The nearest point projec- 
tion TTg ■ Cs ^ Co is well defined, distance nonincreasing and is a bijection 
between Cs n Ls{Ft) and Ft Ci Cq. 

Claim 2: Let s > 0. For 7Y"-a.e. p G T^ n Co we can estimate 

—-iJ±>—^}icX'^~s\v)). 

nvkv) s + n 

We can assume that p is not in the singular part of Ft and, by Claim 1, 
that Ft is twice differentiable at p. Since H^-zero sets on Cg are mapped 
under tTs to H^-zero sets on Ft U Cq, we can as well assume that Cs is twice 
differentiable at q := -K~^{p). Now let S be a supporting hypersurface of Cs 
at q, i.e. S is locally a smooth hypersurface, which touches Cs in q from the 
outside. For a given S > we can assume that 

(64) HcM-S^Hj:{q)^HcM- 
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Furthermore, we may assume that S is a convex hypersurface, with principal 
curvatures local bounded around q by 1/s. We translate S such that it 
touches Ft in p from the outside. By Claim 1, this implies that 

We now evolve S (translated back to its original position) equidistantly 
towards Tt- Let us denote with E,- the so obtained hypersurface with 
dist(S,S^) = r for < r < s. Since wc have assumed that the princi- 
pal curvatures of S are locally bounded by 1/s, remains smooth, and it 
touches Cs-T in q' from the outside, with Trs-riq') = P- Now, as above, this 
yields 

(65) HrM^H^M) ■ 

Wc use the evolution of the mean curvature under the equidistant flow, as 
in the proof of Lemma 6.2, see (57) and (58), to obtain 

(66) H^{q)^ 



Now 

d ( nH \ 

So we can combine (64), (65) and (66) to conclude that 
Taking the limits r — > s and (5—^0 proves Claim 2. 

We finally prove the proposition. Since the Weingarten map on C^, restricted 
to CsC\Ls{rt): covers at least once we can estimate as in the smooth case 

CsnLs(Tt) CsnLs(rt) 
We estimate further, applying Corollary 6.4 and Claim 2, to arrive at 

I {HcA'^7\^))T{HrM)s + nYdH^{x) 
^ j {HT,Y{x)d7e{x)^ j . 

□ 



The estimate (2) in the case that the ambient manifold is a 3-dimensional 
Hadamard manifold {N^,g), is a modification of an argument due to L. 
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Simon, see [21]. The main tool is, as in the monotonicity formula, to use a 
well chosen vectorfield in the the first variation identity 

(67) J dwM{Y) df^ = ~ J 9{Y, H) dfi 

M M 

which holds for any C^'^ vector field Y, defined in a neighborhood of M. As 
before we write for p G M: 

2 

diYM{Y){p)=^g{Ve,Y,ei) , 

i=l 

where V is the covariant derivative on N and ei,e2 form an orthonormal 
basis of TpM. Since we still can make sense of (67) in the varifold setting, 
the estimate needs much less regularity than in case we treated before. 

Lemma 6.6. Let be a complete, simply connected 3-manifold, with non- 
positive sectional curvatures. Let M C N"^ be a bounded integer 2-rectifiable 
varifold, carrying a weak mean curvature H G L^{iJ,). Then 

(68) J iHpd// ^ 167r . 

M 

Proof: For the computation in the case of a fiat Euclidean ambient space 
one uses the position vectorfield X, centered at a point xq. The calculation 
then depends on the fact that 

diYM{X){x) = 2 , 

for all X G M, x ^ xq, such that the tangent space of M exists at x. Now 
on a complete, simply-connected manifold N, we replace this vectorfield by 

X := rVr , 

where r{p) := disti\f(p,pQ) for a fixed po N. Here V denotes the gradi- 
ent operator on A''. Let us assume that the sectional curvatures of N are 
bounded above by —k for some k ^ 0. The distance function to a point on 
such a manifold has two important properties, see for example [18]: 

Vr 7^ 

Hess(r) = V^r ^ ^'(r) (id - Vr Vr) , 

for p 7^ po, where ^(r) := ■y/Kcosh(-^/Kr)/ smh(y/Kr) and the second inequal- 
ity holds w.r.t. an orthonormal basis of TpN. For a point p G M, such that 
the tangent space of M exists at p, choose a normal vector u to TpM and 
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compute 

divM{X) = diYM{rVr) = rdivM(Vr) + g{V Mr,Vr) 



rtrTpM(Hcss(r)) + 1 - g{Vr, uf 



^ r ^'(r) tiTpM (id - Vr (g) Vr) + 1 - ^(Vr, uf 

= (ivTpN (id - Vr Vr) + ^(Vr, i/)^ - + 1 - g{Vr, vf 

+ (r *(r) - l)trTpM(id - Vr (g) Vr) 
= 2 + (r *(r) - 1) (l + 5(Vr, i^)') ^ 2 , 

since r^(r) ^ 1. The computation now proceeds as in the Euchdean case: 
Pick any pQ ^ M such that the density Q{po) exists and Q{po) ^ 1. For 
< a < /9 we can substitute in (67) the vcctorficld Y{p) = (|X|~2 — p~'^)-\.X 
where = max(|X|,(7). A direct computation, using (69), then yields 

2a-^p{B„) + 2j ^H+^ dp^2p-^p{Bp) + ^J\U\^dn 

Bp\B„ Bp\Ba 

- J g{X, H) dp + p-^ J g{X, H) dp , 

Ba- Bp 

where we assume that all balls B„, Bp are centered at pq. Since 

lim a~^p{Bcr) ^ tt , 

(T— »o 

we can take the limits a ^ and p ^ oo to prove the estimate (68) . □ 

In the case that A^'^ has sectional curvatures bounded above by — k for some 
K > there is a stronger estimate by the Gauss-Bonnet formula. This 
estimate was used by B. Kleiner in [16] to show that on such a manifold 
the isoperimetric inequality of the model space with constant sectional 
curvatures k holds. The estimate goes as follows. Let M C be a closed 
hypersurface, diffeomorphic to a sphere and denote with Rint the intrinsic 
scalar curvature of M. Then by the Gauss equations 

(70) 47r = / RintdU^ < [ G- ndU^ ^ [ - ndli^ . 
Jm Jm Jm 4 

Wc now want to modify the proof of (62) somewhat to show that the above 
estimate holds for a.e. t along a weak i!f*^-flow. 

Lemma 6.7. Let be complete, simply connected manifold with sectional 
curvatures bounded above by —k for some k > 0. Let Q C N"^ be a bounded, 
open set with smooth boundary and H\qq > 0, which minimizes area from 
the outside in N^. Let u be a weak H^-flow generated by CI and k > 2. Then 
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for all t £ B we have 

La 



Proof: The proof is modification of Proposition 6.5. We first need the 
following claim. 

Claim 1: The sets Ef minimize area from the outside in for all t G (0, T). 

Let F C -/V^ be a comparison set for Et, t e (0, T), i.e. Ef C F. Now pick a 
time r with t < t < T. Then Er (s F, thus we can pick a sequence of sets 
Fi with smooth boundary, such that Ft C for all i and \dFi\ \d*F\. 
By inequality (36) we have that \d*{Fi n n)| ^ l^-^il- Since and dFj, are 
smooth we can approximate FiD^l with sets Fj (e SI such that Er C Fj for 
all j and |9*Fj| \d*{Fi nO,)\. Now the sets F^ are valid comparison sets 
for Ft in si, and thus taking the limits j ^ oo and i ^ oo we see that 

\d*Er\ < \d*F\ . 

Now take a sequence Ti y t, then by non- fattening F^-. ^ .Et and by out- 
ward minimizing | — ^ |9*Ft|, which proves the claim. 

We will now show the corresponding result to Lemma 6.2, with a modifica- 
tion since the ambient space is not flat. 

Claim 2: Under the same conditions and with the same notation as in Corol- 
lary 6.4 we have : 

I f{y)dH\y) ^ j /(x)(cosh(7s) + ^sir^H^s)\Yl{x)\f dH\x) , 

LsiTt) 

where 7 = ^/(Cjij, C := inf{Ric(X,X) | X G TpN^, \X\ = 1, dist(p,rt) ^ 
s}. 

The proof of this claim is nearly identical to the proof of Lemma 6.2. The 
only difference is that instead of (57) we have 

d 1 
—H = -\Af - mc{u, u)^--H^ + C , 

which can be integrated to give 

^ ^ v/2Csinh (^(C72) • s) + cosh (yW^) • ^)g(O) 
^ ' " cosh(^(C72)-s) + (V2C)-isinh(y(C72)-s)/f(0) ■ 

Inserting this into (59) we obtain 

dfx{s) ^ (cosh ( V(C/2) ■ s) + {V2C)-'^ sinh (V(C/2) ■ s)i/(0))^ d/x(0) . 

Note that Lemma 6.3 remains true, so the rest of the proof follows again in 
the same way. 

We now have to rework Proposition 6.5. Claim 1 in the proof there remains 
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true, but we have to replace the second claim by the following. 

Claim 3: Under the same conditions and with the same notation as in Claim 
2 of the proof of Proposition 6.5, we have 



cosh(vW2)^)gr.(p) +Cs>H )) 

cosh(vW2)s) + (V2C)-isinh(y(C72)s)i^r,(p) 

As in the proof there let S be a supporting hypersurface of Cg at q such that 
(64) holds. We may assume that S is a convex hypersurface, with principal 
curvatures locally bounded by l/s — 5/4. Since in there is no notion 
of translating S to touch Fj in p from the outside, we directly evolve S 
equidistantly towards T^, i.e. until touches Tt in p. Since in an ambient 
Hadamard manifold N, focal points develop later as in Euclidean space the 
conditions above guarantee that remains smooth. Thus 

and by (71) 



^ 5 < n < ^^^^^ {ViCms) + cosh (y(C72).)gs,(p) 
^' " ^^'^'^ cosh (vW2)s) + (V2C)-i sinh {^/{Cji)s)Hj:^(p) 

< cosh(y(C72)5)gs.(p) 

" cosh (vW2)s) + (\/2C)-i sinh {./{Cji)s)H^^{p) 

< cosh(7(C72)^)gr.(p) 

cosh (7(C72)s) + (\/2C)-i sinh {^/{Cji)s)HTM 

which proves Claim 3 as 5 ^ 0. 

To finally prove the lemma we combine (70) and Claim 1 to estimate 

/2 



4tt ^ J G- KdH^ = J GdH^+ j GdU^- j 

Cs CsnLs{Tt) Cs\Ls{Tt) Cs 

^ J ^H'^dH^+ J Gdn^ - J KdH'^ 



By an argument of B. Kleiner, see the last part of the proof of Proposition 
8 in [16], the second term in the second line goes to zero as s — ^ 0. So we 
can apply Claim 2 and 3 to estimate further 



47r^ {Hc,{7r-'{x)))\cosh{js) + ^smh{js)\H{x)\y dn'' 
TtnCo 

■ j ndU^ + o{s) 
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^ \ J {cos^-is)f\Yl\^ dU^ - j KdV? + o{s) 

TtnCo Tt 

^ ^ dU^ - j KdU^ + o{s). 

Taking the limit s — > we obtain the estimate. □ 

7. The monotonicity of the isoperimetric difference 

Let Lp G C^(M), ^ such that f^ipdx ^ 1. Choose a function (f) := 
ip{xn+2) G C^(ri X M) to define the approximative area and volume by 

(72) Al:= [ ipdn"+^ , v;-- [ ipdn"+^ 

and the approximate isoperimetric difference 

where c„_|-i is defined as in the introduction. Let ti,t2 £ (0)^)- Assuming 
that i is big enough, the boundary (in A'' x M) of the graphs does not 
intersect supp((/?) for t e {ti,t2)- By the Coarea formula and the evolution 
equations we have 

and 



_ n + 1 Z-*^ ^^,^1 r . 
Jtl J 
By Holder's inequality we can estimate 

(k 

(74) _Ii±l(^j)^ /■ ^ijf+id;.Adt 

1T'Cn+l J J 

(75) - ^ /*' (Aj) ^ / (V<^, d/x| . 

Lemma 7.1. Let k ^ n — 1. Assume that for a.e. t G [0, T] t/ie estimate 

(76) / |Hrd/x^ (^c„)" 
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holds. Then for any ti,t2 G i^^T), ti < t2, 

lim sup / Lldt ^0 , 

i— ►oo Jti 

where 

Proof: Since t2 < T and ^ ^ there is 5 > such that Al S for all 
t G [ti,t2] and all i. Since A;/(A; + 1) < 1, there is a Ci ^ such that 

for all t G [ti,t2] and all i To prove the lemma it thus suffices by Fatou's 

lemma to show that limsupj^g^L^ ^ for all t £ B D [ti,t2] such that 
(76) holds. Fix such a t. Arguing as above we see that there is a C2 > 0, 
independent of i, such that 



^ if J ipH^+^ d4 ^ C2 . 



Thus we can assume that 

(pH^+'^ dul ^ C2 for all i . 



We write L\ in the form L\ = ai ■ bi, where 



k 
k+1 



and 

with the bounds ^ Oi ^ C2 , \bi\ ^ C3 . By the lower semicontinuity of 
the L^+^-norm of W and (76) we see that 

77 _|_ 1 1 1 / /" , \ fe+T 

limsup5i ^ l-^^(/Zi((^))" ^ ^\Uf+Uiit] <0, 

since fit = 'H^'^^ L {Tt x 1^) and '^{x) = (j){xn+2) with f^(j)dx 1 . Since the 
ai are nonnegative and uniformly bounded this implies also limsupj_>oQ ^ 
0. □ 



Proposition 7.2. Let k n — 1 and u be a weak H'^-fiow generated by fi. 
Assume that (76) holds for a.e. t E [0,r]. Then the isoperimetric difference 

It := {n^id*Et))'^ - Cn+in^+\Et) 
is monotonically decreasing along u fort G [0,T). 
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Proof: Let / > 1. Pick a G C^{M.), ^ (j) ^ 1/{21) with (p = 1/(2/) on 
[-/, /], = on R \ [-Z - 1, Z + 1], and ^ l/l. By the mass bound we 
have 



For t e B we have 



n+l 



By the above estimate, equation (73) and Lemma 7.1 we can deduce that in 
the limit 

^2 ^Hl+ ^ 

for any ti,t2 & B, ti < t2- Since 7^ — as Z — oo this implies that 

Since u is non-fattening, and all sets Et minimize area from the outside in 
ri, we can approximate times in [0, T]\ B with times in B to see that this 
monotonicity holds for all t G [0, T). □ 

Proof of Theorem 1.1: By Lemma 6.6 and Proposition 6.5 together with 
Proposition 7.2 the isoperimetric difference is monotonically decreasing in 
all of the above cases. Since u is non-fattening we have limt_+T ^ 0. □ 

We can now use the above theorem to a give a proof of the isoperimetric 
inequality. 

Proof of Corollary 1.2: We can first assume that U is connected. Let f2 
be the outer minimizing hull of U , see the proof of Theorem 4.4 for more 
details on minimizing hulls. Since U d and \d*Q,\ ^ \dU\ we can re- 
place U hy Q.. We first treat the case n ^ 6. Here we can apply a result 
of Sternberg, Williams and Ziemer [22], which shows that dO, is a C^'^- 
hypersurface. Thus carries a weak mean curvature in L°°, which is 
non-negative, since Q. minimizes area from the outside. We can thus apply 
a result of G. Huisken and T. Ilmanen, Lemma 2.5 in [11], which states that 
starting from such a hypcrsurfacc there exists a smooth solution to mean 
curvature flow (-Mt)o<t<£, where all the Mt have strictly positive mean cur- 
vature for t > 0. Furthermore, the initial datum Mq = is attained in 
C^'° and since the mean curvature is positive, the hypersurfaces Mt foliate 
a neighborhood of dVi in Q.. The lemma in [11] is stated only if the ambient 
space is flat, but by a closer examination one sees that with some minor 
modifications the same proof also works in as above. Then for < t < e 
let 9.t-=^\{ Uo<r^t Mt), thus dVlt = Mt. Pick any t G (0, e). Since dVLt 
has strictly positive mean curvature, there exists a weak H^-fiow, generated 
by rij. Taking fc > n if n ^ 4, or ^ 1 in the case n = 3, we can apply 
Theorem 1.1 to see that satisfies (3). We then take the limit t\0. 
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For n = 7 the outer minimizing hull can have isolated singularites in the 
part where it does not touch the obstacle, i.e. in the part where its boundary 
constitutes a minimal surface. To treat this case let 

Ur:={xeU \ dist{x,dU) > r}, 

which has a smooth boundary for small enough r > 0. Let E be the outer 
minimzing hull of U and Et he the outer minimizing hulls of Ur- We have 
Es (Z E-,- G E ioT < T < s, which implies by Lemma 5.6 that Et ^ E in 
L-^ as T \ as well as d*ET d*E in the sense of radon measures. We 
now apply a strong maximum principle of Zicmcr and Zumbrun [24] (which 
actually is an application of the strong maximum principle of Moschen- 
Simon) to show that Et <^ E for t > 0. This maximum principle states that 
if two sets F, G arc outer minimizing and minimizing, respectively, with 
respect to an open set V and G n F C F n then either dF = dG in V 
or dF n dG = relative to V, provided OF n V and dG D V are connected. 
Note that Er minimizes area in iV \ ^7,- and that dE is connected in N\Ut 
and does not touch Ur- Thus applying the maximum principle to every 
connected component of dEr n (A^ \ Ut) we see that Et ^ E for all r > 0. 
These properties enable us to argue as Hardt-Simon in [8], Theorem 5.6, 
to deduce that dEr is C^'^ for all r small enough. Note that dE is C^'^ in 
a neighbourhood of dU ., and thus also dEr for small enough r. Thus we 
can replace U by Ut and argue as for n ^ 6, finally taking the limit r \ 0. □ 



In the case that A'^^ has sectional curvatures bounded above by — k, k > 0, 
we aim to apply estimate (70) to show how one can use a weak i^'^-flow to 
prove that the isoperimetric profile of N always lies above the isoperimetric 
profile of the model space with constant curvature —k. 

Let (Mf)o^t<T be a smooth H^-?iow in of hypersurfaces with positive 
mean curvature. Let us assume all the Mt are diffeomorphic to a sphere. 
We then can apply (70) to estimate 

( fc 



dt 



Mt Mt 



■ (167r + 4.kA)-^ ^ j H^+'^ dH^^ A^^T^ 

Mt 

= (167r + 4KA)-U5 j H^+^dH^ = -jJ^{A) , 

Mt 

where is defined by (4). Thus /^(A) — F is monotonically decreasing 
under the flow. Consider the case that A^^ is the model space of constant 
curvature —k and let Mt be the i^'^-flow of geodesic spheres contracting 
to a point. Then (70) holds with equality for all Mt and also the above 
calculation is an equality. Using that in the model space geodesic balls 
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optimize the isoperimetric ratio, we have 

n^{u) ^ un\du)) , 

for all open and bounded U C A^^, with equality on geodesic balls. Arguing 
as in the beginning of this section, and using Lemma 6.7 we arrive at the 
following proposition. 

Proposition 7.3. Let k > 2 and u be a weak H^-flow generated by Q, where 
Q C N"^ is open and bounded, and N"^ has sectional curvatures bounded above 
by —K. Furthermore assume that (911 is smooth with strictly positive mean 
curvature and that Q minimizes area from the outside in . Then 

I^:=f,{n\d*Et))-n\Et) 

is a nonnegative, monotonically decreasing function along u for t G [0,T). 

Proof: We define A] and as in (72). Then take 

:=fM)-Vi- 
Arguing as before we can estimate 



1 , 



I 



- f{V^,v)H^d^ldt 

2 J 



'ti (I67r + 4K4)^ 

Analogous to the proof of Lemma 7.1 we can use Lemma 6.7 to show that 
for ti,t2 € (0,T), t\ <t2, we have 




{iGTT + AnAiy 

The rest follows as in Proposition 7.2 and Theorem 1.1. □ 

This enables us to also give a new proof of the stronger result in the case 
that the sectional curvatures of are bounded above by —k < 0. 

Proof of Theorem 1.3: We can use Proposition 7.3 to give an analogous 
proof as in Corollary 1.2. We use the same terminology as in the proof 
there. The only missing bit to apply Proposition 7.3 is to show that the 
sets are minimizing area from the outside in N^. Fix a t > 0. Take F 
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to be a comparison set for Oj, i.e. fit C F. Again by (36), we have that 
\d*{F n n)| < \d*F\ since Jl minimizes area from the outside in N^. Note 
that the surfaces Mr = dflr, t G (0, t) smoothly fohate Q.\flt and Mt dfl 
in as i — > 0. Since all Mt have nonnegative mean curvature, we can use 
the outer unit normal vectorfield u to these hypersurfaces as a calibration 
on 17 \ J7( which satisfies div^3(z>') ^ 0. Using this calibration wc sec that 
\d^t\ ^ \d*{F n i.e. fij minimizes area from the outside in A^^. □ 
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